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There are alternative solutions to many of these questions. Any correct 
solution that is set out clearly is worth full marks. 


Question 1 


Let w = —2 + 21. 


1 w —2 — 2i 1+. 
@) @ S=ppsg sca 2 
(ii) Log w = log |u| + i Arg w = log V8 + i= 2 
(iii) Since |w| = V8 and Arg w = 37/4, we have w = /8e*'*/4. Hence 
w? = (V8e%"/4)3 = 8y/Be%"/4 = 16/2e"/4, 
Therefore 
Log(w’) = log |w?| + i Arg(w?) = log(16V2) + ia 3 
(b) We have w = /8e'"/*. By HB A1 3.2, p17, noting that 81/6 = 2, the 
cube roots of w are 
zp = V2eil"/4+27k/3) for k = 0, 1,2. 
That is, 
zo = V2eit/4, z = V2e!lin/12 ay = Del 91/12, 3 
10 Total 
Copyright (©) 2021 The Open University WEB 10495 4 


6.1 


Question 2 


(a) 


The function 


f(z) 


is analytic on C — {0} and has a singularity at 0. Observe that 


sinh z 


zZ 


lim zf (z) = lim sinh z = sinh 0 = 0. 
z=>0 z—0 


Hence f has a removable singularity at 0, by HB B4 3.1, p58. 
The function 
sin Z 
= Guay 
is analytic on C — {7} and has a singularity at 7. Observe that 


lim (z — 7)? f(z) = lim See lim E 
ZT ZN Z— TT w—0 w 


where w = z — T. Since sin(w + 7) = sin w cos t + sin 7 cos w = — sin w, 
we see that 


mean Aea (2) =e 


ZT w—-0 


by HB B4 1.4, p55. This limit exists and is non-zero, so f has a pole of 
order two at 7, by HB B4 3.2, p58. 


The function 
fz) =e 


is analytic on C — {i} and has a singularity at i. We know that 


2 3 
w—]4 z x she 
e ee ane Ea E , frwecC. 
Substituting w = 1/(z — i) gives 
; 1 1 1 
e/2-) =14 i i +---, for z #1. 


z—i Wz—i)2 © 3(z-— i)? 


This is the Laurent series about i for f. It has infinitely many non-zero 
coefficients in its singular part, so f has an essential singularity at i, by 
HB B4 2.10(c), p57. 
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Question 3 


The function f is given by a geometric series in 2/3. If |z| < 3, 
then |z/3| < 1, so 


Fl) =->-(2) ~ <a = a 


n=0 


The function g is given by a geometric series in 3/z. If |z| > 3, 
then |3/z| < 1, so 


IN a3 1 3 
Je) D) 7 a oe 


n=0 


Let h be the analytic function 


3 
ŽŽ (ze C~{3}). 
Define R = {z : |z| < 3} and S = {z: |z| > 3}. Both these regions are 
subsets of C — {3}, so 


f(z) =h(z), forz € RN(C— {3}) 


h(z) = 


and 
g(z) =h(z), for ze SN(C— {3}). 


It follows that (f, R), (h,C — {3}), (g,S) is a chain of functions. The 

functions (f, R) and (g,S) are not direct analytic continuations of each other 

because RN S = Ø. Hence these two functions are indirect analytic 

continuations of each other. 10 


10 
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Question 4 
(a) Let f(z) = 22° +32? — 12z. 


(i) The function f is analytic on C, and the Taylor series about a = 0 
for f is 


F(z) = —122 +32 + 22°. 


Since the coefficient of z is non-zero we see from the Local 
Mapping Theorem that f is one-to-one near 0. 


(ii) Observe that 
fz) =627 +627—12, so f'(1)=6+6-—12=0, 
f"(z) =122+6, so f”(1)=12+6=1840. 
Since f is analytic on C we see from HB C2 3.5, p68, that f is 
two-to-one near 1. 
(b) Let ġn(z) = e?/n?, for n =1,2,..., and let E = {z : 0 < Rez < 1}. If 
z =x +iy € E, then 0< z< 1, so 


e? e” e 
DAAI = n2 = n2 < Foe for n = 1,2, 
Since 
— =e CRES 
n2 > n2 
n=1 n=1 


converges, by HB B3 1.9, p47, we see that 


DORDE 
n=1 n=1 


is uniformly convergent on E, by the M-test. 
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Question 5 


(a) 


The conjugate velocity function is 


z—i) 
(2) = E, 


Let T be the unit circle {z : |z| = 1}. The Circulation and Flux Contour 
Integral tells us that 


—_ 4)? 
Cp tify = | E 
T zZ 


dz. 


We can evaluate this integral using the Residue Theorem. By the 
Cover-up Rule, 


Res(q, 0) = (—i)}? = —1. 
Hence 


Cr +iFp = 2ri x (—1) = —2ri. 


Therefore Cr = 0, so 0 is not a vortex, and Fr = —27 < 0, so 0 is a sink. 


Let R = {z:0< |z| <1} and S= {z : |z| > 1}. By HB D1 3.2(b), p85, 
the Joukowski function J is a one-to-one conformal mapping from S 


onto C — [—2, 2]. So we seek a one-to-one conformal mapping from R 
onto S, which we will compose with J. The Mobius transformation 
1 
f(z) = z 


is such a function, because Möbius transformations are one-to-one 
conformal mappings on C, and 


0<j|z| <1 <= |f(z)|>1 and f(z) co; 


so z € R if and only if f(z) € S. 
It follows that the composite mapping 


1 
(2) = Ife) =z 
\ z 
is a one-to-one conformal mapping from R onto C — [—2, 2]. That is, J 
itself is a one-to-one conformal mapping from R onto C — [—2, 2]. 
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Question 6 


(a) 


Observe that 


fle fle = e3i7/11 
1 


f(e j= e9iT/11 
f(e®®/1) = e?Tin/11 _ e5in/11 
f(e) = eldin/11 
f(eldin/11) = e45iT/11 _ gin /11 
Hence e’7/!! is a periodic point of f, with period 5. 


Observe that f’(z) = 3z?. By HB D2 2.11(a), p90, the multiplier of the 
5-cycle is 

Pye”) 

= fe) x f(e) x f(e) x fl(eBI/IL) x fl (elBin/11) 
= 35 (eiT/1 x e3iT/11 y e9iT/11 y e5iT/11 y ẹ15i7/11)2 


“——~ 


— 35e2in(1+3+9+5+15)/11 _ 95 


Since |(f°)/(e’"/!)| > 1, the 5-cycle is repelling. 


Observe that c = —2 belongs to M, by HB D2 4.7(c), p92. We will 
prove that ic = —2i € M. We have 


P,(0) = —21, 
P?(0) = (—2i)? — 2i = —4 — 2i. 


Hence 


|P?(0)| = |—4 — 2i| = V42 +2 > 2. 


It follows from HB D2 4.6, p92, that —2i ¢ M. 
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Question 7 


(a) o 


This implication is true. 

If A and B are compact, then they are closed and bounded. By the 
Combination Rules for Closed Sets, the set AN B is closed, because 
A and B are closed. Also, AN B is bounded, since it is contained 
in A. Therefore A N B is compact. 

This implication is false. 

For example, A = {z: —1 < Rez < 1} and B= {z: |z| > 2} are 
both regions, but AN B = {z : —1 < Rez < 1, |z| > 2} is nota 
region because it is not path connected, since there is no path lying 
in AN B from the point 32 to the point —3i. 

This implication is true. 

If A and B are compact, then they are closed and bounded. By the 
Combination Rules for Closed Sets, the set AU B is closed, because 
A and B are closed. Next, since A and B are bounded, they are 
each contained in a closed disc. If we choose a closed disc D that 
contains both of these closed discs, then D contains AU B also. 
Hence AU B is bounded. 

Therefore AU B is compact. 


This implication is false. 


For example, A = {z : Rez < 1} and B= {z : Rez > 1} are both 

regions, but AU B = {z : |Re z| > 1} is not a region because it is 

not path connected, since there is no path lying in AU B from the 

point 2 to the point —2. 10 


Let z = x + iy. Since z(1 +Z) = z+ |z|?, we have 

F = z+ |z|? = r+ iy +r? ty? = (z +r? +y?) + iy. 
Define 

ulz, y) =xr+z? +y? and v(z,y)=y. 
Then f(z) = u(a, y) + iv(xz,y), and 


Ou 
Fy (tr) =1+ 22, 


The first Cauchy—Riemann equation is 


Ê Cng) = Sleg) <> 1+2r=1 4> r=0. 
The second Cauchy—Riemann equation is 

Ou Ov 

a, Se 2 0 0. 

By 9) EV) y y 


Hence both the Cauchy—Riemann equations are satisfied if and 
only if x = y = 0. 
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(ii) 


Since the partial derivatives exist and are continuous on C, and the 
Cauchy—Riemann equations are satisfied at z = 0, we see from the 
Cauchy—Riemann Converse Theorem that f is differentiable at 0. 
However, the Cauchy—Riemann equations fail at points other 

than 0, so f is not differentiable at any point other than 0, by the 
Cauchy—Riemann Theorem. It follows that f is not differentiable 
on a region containing 0, so it is not analytic at 0. 


By the Cauchy—Riemann Converse Theorem, 


f'(0) = (0,0) +12 (0,0) =1+i0=1. 
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Question 8 


(a) (i) 


(ii) 


By the Radius of Convergence Formula, the radius of 
convergence is 


R= 


e” /n! 
(+1) /(n +1)! 


im 
n— oo 


I 
F 


I 
5 
Ep 
+ 
Z 
I 
8 


By the Radius of Convergence Formula, the radius of 
convergence is 


R= li 3” + cosn 
= lim 
noo] 3+1 + cos(n + 1) 
ae 1 + (cos n)/3” 
noo] 3 + (cos(n + 1))/3” 
Now |cosn| < 1, for n = 1,2,..., hence 


(cosn)/3" +0 and (cos(n+1))/3"° => 0 asn —> oo. 


Therefore R = 1/3. 


We have 
1 1 
cosw = 1 5 te --+, forweEcC, 
l2 
prm lett +, forzéEC. 
Hence 
1 
zexpzsztz?t EO E for z EC. 


Let w = zexp z. Since 0 exp 0 = 0, we can apply the Composition 
Rule for Power Series to give 


1 2 1 3 ; 1 4 
cos(zexpz)=1 A a ee le Gy et et) rene 
=} a ee E E EE ee 
2 T j 24 
1 23 
=i 52 3 = 


Since g is an entire function, this Taylor series converges to g(z) 
for each z € C, by HB B3 3.5, p51. 


The function f(z) = z°g(1/z) is analytic on the simply connected 
region C except for a singularity at 0. By part (b)(i) we have 


g(a = (1 D S =) 


2z2 z3  24z4 


3 Z 23 
= 1 
ema 7r 
for z € C — {0}. Hence 
23 
VE Ea 
Res( f, ) 24 
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Applying the Residue Theorem we see that 


23 2371 
3 . 
1 dz=2 = 3 4 
f g(1/z)dz = 2ri x ( z) T 


(c) We are given that f is bounded on the strip S = {z : 0 < Rez < 1}, so 
there is a positive constant K such that 


lf(z)|< K, for0<Rez<1. 


Now consider any complex number z = x + iy. Then n < x < n + 1, for 
some integer n, so0 <a—n < 1. Since Re(z — n) = x — n, we see that 
z—n € S. Weare told that f(z — n) = f(z), so 


F=f- n| < K. 


It follows that f is bounded on C, and it is entire, so it must be a 
constant function, by Liouville’s Theorem. 5 
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Question 9 


(a) By HB C1 4.7, p63, the Laurent series about 0 for cosec is 


1 
cosecz = —+ 2Z+:°:-, 
z 6 


SO 


1 1 
cosec Tz = — + -4TmTz +.. 
Tz 6 


Also, for |92?| < 1, we have the binomial series 


(92? +1)! =1 = (927) + = 1 = 97? fee, 
Hence the Laurent series about 0 for f is 
T COSEC TZ 
f(2) = 927 +1 


II 
Te 
} 

3 
x 
+ 
Siv 
ER 
l 
o 
R 

bo 
+ 


II 

3 
ATTN 
IH 

} 
nn Ole 
lA 

l 
al 
Fa 

x 

+ 
a 


(b) From the Laurent series found in part (a) we can see that 
Res(f,0)= 1. 


For the residue at ti we first write f as 


f) = 


T COSEC TZ 
9(z — 3i) (2 + 34) 


and then apply the Cover-up Rule to give 


m cosec(7i/3) T T 
Ri 1 — — —, y 
es(f, 3) 9x 2i 6i x isinh 7/3 6sinh 7/3 
Since f is an odd function, we see from HB C1 1.1, p59, that 
1A _ 1A T 
Res(f, —3i) = Res(f, 31) ~~ Gainha/3 


(c) The function 


Ae eee 


~ O22 41 


is an even function that is analytic on C except for poles at +4i, neither 
of which is an integer. Let Sy be the square contour with vertices at 
(N + $)(41+%). If z € Sy, then |z| > N. Hence, for z € Sy, we see 
from the backwards form of the Triangle Inequality that 


|92? + 1| > |92°| -1 > 9N? — 1. 
By HB C1 4.6, p63, we know that |cosecrz| < 1, for z € Sy. Therefore 


T cosec TZ 
9z2 +1 


T 
~ 9N? —1’ 


= 


for z € SN. 
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We can now apply the Estimation Theorem, using the fact that Sy has 
length 4(2N + 1), to obtain 


4n(2N +1 
f(z)dz| < —$— x 4(2N + 1) = ual ai ) 
Sw QN2—1 QN2—1 
Now 
An(2N+1) 4n(2/N +1/N?) 
a N 
9N2_] 9—1/N? > 0 as N > œ, 
SO 


lim f f(z)dz = 0. 
SN 


N->oo 


We can now apply HB C1 4.4, p63, to deduce that 


y oy S -$ (Res(/, 0) + Res(f, $i) + Res(f, —3i)) 
n=1 


9n? 
= 1 T 
~ 2 3sinh 7/3 


1 T 


2  6sinhr/3 


(d) Since n ++ (—1)"/(9n? + 1) is an even function, we see from part (c) 
that 


CO CO 
—1)r —1)9 —1)" 
ye a 
7 9n2 +1 9x02+1 9n2 +1 


=—0o n=1 
1 
=14+2(-2+—— 
2 6sinh7/3 
2 T 
~ 3sinh7/3' 
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